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Problem: 1 

Show that C, the set of all non-zero complex numbers is a multiplicative group. 

Solution: Let C={z:z=x+iy, x,y ∈ R}. Here R is the set of all real numbers and i= √–1. 

(1) Closure Axiom: If a+ib ∈ C and c+id ∈ C, then by the definition of 

multiplication of complex numbers 

(a+ib)(c+id)=(ac–bd)+i(ad+bc) ∈ C 

Since ac–bd, ad+bc ∈ R for a,b,c,d ∈ R. Therefore,C is closed under multiplication. 

(2) Associative Axiom: 

(a+ib){(c+id)(e+if)}=(ace–adf–bcf–bde)+i(acf+ade+bce–bdf) 

={(a+ib)(c+id)}(e+if) for a,b,c,d ∈ R. 

(3) Identity Axiom: e=1(=1+i0) is the identity in C. 

(4) Inverse Axiom: Let (a+ib)(≠0)∈C, then 

                 (a+ib)-1=1/(a+ib) 

                             =a-ib/(a2+b2) (a+ib)-1 

                             =a/(a2+b2)+i(b/( a2+b2) 

                             =m+in ∈ C 

where m= a/(a2+b2) and n= b/(a2+b2). Hence C is a multiplicative group. 

Problem: 2 

Prove that the set all nth roots of unity with usual multiplication is a group. 

Proof: 

Let 𝝎 = 𝒄𝒐𝒔 (
𝟐𝝅

𝒏
) + 𝒊𝒔𝒊𝒏(

𝟐𝝅

𝒏
) 

Then the  nth roots of unity are given by 1,ω,ω2,...,ωn−1 

Let G= {1, ω,ω2,...ωn−1} be the group with respect to multiplication.  

We know that 𝜔𝑛 = 1, 𝜔𝑛+1 = 𝜔 etc. 

Let 𝜔𝑟 , 𝜔𝑠 ∈ 𝐺. Let r+s=qn+t where 0 ≤ 𝑡 < 𝑛. 𝜔𝑟 , 𝜔𝑠 = 𝜔𝑟+𝑠 = 𝜔𝑞𝑛+𝑡 = (𝜔𝑛)𝑞𝜔𝑡 =

𝜔𝑡 ∈ 𝐺 

We know that usual multiplication of complex number is associative. 

1 ∈ 𝐺 is the identity  element. 

Inverse of 𝜔𝑟𝑖𝑠 𝜔𝑛−𝑟 . 

Hence G is agroup. 

Hence the set all nth roots of unity with usual multiplication is a group. 

Problem: 3 

Let G denote the set of all matrices of the form (
𝑥 𝑥
𝑥 𝑥

) where 𝑥 ∈ 𝑅∗. Then prove that G is 

a group under multiplication. 
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Proof: 

Let 𝐴, 𝐵 ∈ 𝐺.  Let 𝐴 = (
𝑥 𝑥
𝑥 𝑥

)  𝑎𝑛𝑑 𝐵 = (
𝑦 𝑦
𝑦 𝑦). 

Closure Axiom: 

    𝐴𝐵 = (
2𝑥𝑦 2𝑥𝑦
2𝑥𝑦 2𝑥𝑦

) ∈ 𝐺. 

Associative Axiom: 

 We know that matrix multiplication is associative. 

Identity Axiom: 

Let 𝐸 = (
𝑒 𝑒
𝑒 𝑒

)be such that AE=A. 

∴ (
𝑥 𝑥
𝑥 𝑥

) (
𝑒 𝑒
𝑒 𝑒

) = (
𝑥 𝑥
𝑥 𝑥

) 

∴ (
2𝑥𝑒 2𝑥𝑒
2𝑥𝑒 2𝑥𝑒

) = (
𝑥 𝑥
𝑥 𝑥

) 

∴ 2𝑥𝑒 = 𝑥. 𝐻𝑒𝑛𝑐𝑒 𝑒 = 1/2. 

  Hence 𝐸 = (
1/2 1/2
1/2 1/2

) is the identity element of G. 

Inverse Axiom: 

Let (
𝑦 𝑦
𝑦 𝑦) be the inverse of (

𝑥 𝑥
𝑥 𝑥

). 

Then (
𝑥 𝑥
𝑥 𝑥

) (
𝑦 𝑦
𝑦 𝑦) = (

𝑥 𝑥
𝑥 𝑥

) 

∴ (
2𝑥𝑦 2𝑥𝑦
2𝑥𝑦 2𝑥𝑦

) = (
1/2 1/2
1/2 1/2

) 

∴ 2𝑥𝑦 =
1

2
 

𝐻𝑒𝑛𝑐𝑒 𝑦 =
𝑥

4
 

∴ 𝐼𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 (
𝑥 𝑥
𝑥 𝑥

)  𝑖𝑠 (
𝑥/4 𝑥/4
𝑥/4 𝑥/4

) 

𝐻𝑒𝑛𝑐𝑒 𝐺 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝. 

Problem 6: Let G={0,1,2,3,4,5) be a set. Show that under addition modulo 6 G form a 

group. 

Proof: 
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1. From table it is clear that G is closed under closure property as resulting element again 

element of set G.  

2. Clearly associative law hold in G 

3. From second row and second column it is clear that 0 is the identity element of the 

group. 

   4. From table it is clear that inverse of every element of G exist in G.  

That is 1-1=5, 2-1=4, i 3 -1=3,4-1 =2, 5-1 =1.  

5. Since all the elements are symmetrical about principle diagonal, G is abelian. 

     Hence G is abelian group. 

 

 

 

 

 

 

 

 

Problem 5: 

Let G={1,2,3,4,5,6} be a set. Show that under multiplication modulo 7 G form a group. 

Proof: 
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1. From table it is clear that G is closed under closure property as resulting element again 

element of set G.  

2. Clearly associative law holds in G  

3. From second row and second column it is clear that 1 is the identity element of the 

group. 

 4. From table it is clear that inverse of every element of G exist in G. Since all the elements 

are symmetrical about principle diagonal, G is abelian. 

Hence G is abelian group. 

Exercises. 

1. Prove that 𝐶∗ is a group under usual multiplication given by (𝑎 + 𝑖𝑏)(𝑐 + 𝑖𝑑) =
(𝑎𝑐 − 𝑏𝑑) + 𝑖(𝑎𝑑 + 𝑏𝑐). 

2. Let𝐺 = {𝑎 + 𝑏√2  ∶ 𝑎, 𝑏 ∈ 𝒁}. Then prove that G is a group under usual addition. 

3. Let G={1,I,-1,-i}. Prove that G is a group under usual multiplication. 

4. Let G be the set of all real numbers except -1. Define * on G by a*b=a+b+ab. Prove that 

(G,*) is agroup. 

5. In R-{1} we define a*b=a+b-ab. Show that( R-{1},*) is a group. Is this group abelian?. 
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